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Abstract 

We study in detail certain brane solutions with compact extra dimensions x /C in the 
IKKT matrix model, with /C being a two-dimensional rotating torus embedded in R^. We focus 
on the compactification moduli and the fluctuations of /C C and their physical signiflcance. 
Mediated by the Poisson tensor, they contribute to the effective 4-dimensional metric on the 
brane, and thereby become gravitational degrees of freedom. We show that the zero modes 
corresponding to the global symmetries of the model lead to Ricci-flat 4-dimensional metric 
perturbations, wherever the energy-momentum tensor vanishes. Their coupling to the energy 
momentum tensor depends on the extrinsic curvature of the brane. 
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1 Introduction 

Matrix models of Yang-Mills type are very interesting candidates for a theory of fundamental 
interactions including gravity. In particular, the so-called IKKT or IIB matrix model [H 
is singled out by maximal supersymmetry, and thus has a good chance to provide a well- 
defined quantum theory. The basic observation is that these models admit noncommutative 
or quantized submanifold ( "branes" ) as solutions. This leads to a relation with string theory 
and supergravity, and the model has been proposed as a non-perturbative definition of string 
theory; cf. for some basic references. Here we follow the idea that suitable brane solutions 
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could play the role of physical space-time. Indeed, fluctuations around such solutions give rise 
to noncommutative gauge theory living on the brane, governed by a universal effective metric. 
This dynamical metric absorbs the U{1) degrees of freedom of the gauge theory [6|, and 
plays the role of a gravitational metric. Such an "emergent" gravity scenario is supported 
by several observations including gauge transformations giving rise to symplectomorphisms, 
(tangential) would-be U (1) modes leading to Ricci-fiat vacuum perturbations and other 
related observations j8-ll|. However, it remains to be shown that the full Einstein equations 
emerge in a suitable regime. 

In order to model realistic physics, basic branes such as C are clearly too sim- 
ple. One way to introduce additional structure as required for particle physics is to consider 
compactified extra dimensions. In this paper, we discuss some specific new solutions of the 
IKKT model with compactified extra dimensions x /C C R^*^. These solutions behave for 
low energies as fiat 4-dimensional spaces with Minkowski signature. The extra /C arises from 
a fuzzy torus embedded in the 6 transversal dimensions of the model, which is stabilized 
by angular momentum and (generically non-vanishing) flux. This generalizes solutions found 



previously for the IKKT model [12| as well as the BFSS model, e.g. [13|, [14 . 

Besides elaborating structural aspects of the solutions, we focus on the effective 4- 
dimensional metric which governs the lowest Kaluza-Klein (KK) modes on the brane, and 
plays the role of a gravitational metric. As pointed out in the moduli of the extra dimen- 
sions directly affect the effective 4-dimensional metric, due to the noncommutative structure. 
Our aim is to understand these metric contributions due to the extra dimensions, and to 
clarify the effective gravitational dynamics resulting from the matrix model action. 

As a consequence of the global S0{9, 1) symmetry of the matrix model, the embedding of 
the compact space /C C R^ in the transversal directions leads to massless zero modes, which 
are nothing but Goldstone bosons from the 4-dimensional point of view. These zero modes 
are expected to play a central role in the low-energy or long-distance physics on the brane. 
We therefore focus on the dynamics of these zero modes, and clarify their contribution to the 
4-dimensional curvature perturbations. It turns out that they lead indeed to Ricci-fiat metric 
perturbations at locations without matter T^,^ = 0, provided the compactification has non- 
vanishing flux. The latter condition is imposed in order to stabilize the radial modes. However 
due to this radial stabilization, matter acts as a source for the 4-dimensional Ricci tensor only 
via derivative terms dT^i,, similar to the contributions from the would-be U{1) gauge fields 
[gI, 0]. This complements and contrasts the results in jlo| for the case of massless radial 
modes, where a non-derivative coupling to T^^^ and hence a non-vanishing Newton constant 
was found. That however entails mixing between radial and tangential degrees of freedom, 
which obscured the analysis leading to inconclusive results. For the present backgrounds, we 
conclude that the dynamics of the geometry is compatible with the vacuum sector of gravity, 
however the appropriate coupling to matter requires a different mechanism which is not seen 
in the present analysis. Such a coupling might arise in various ways on branes with extrinsic 
curvature [sUl, which will be pursued elsewhere. 

The approach to matrix models pursued here is rather different from much of the work 
in the literature, which is focused on the bulk sector rather than the brane geometry itself. 
In the 10- dimensional bulk, the geometry arises in a holographic manner, and is related to 
supergravity. To make contact with 4-dimensional physics, the bulk must then be compacti- 



fied [15|, ll6|]. However this is implemented via a somewhat ad- hoc constraint on all degrees of 



freedom in the matrix model, and moreover any such 10-dimensional background is perturba- 
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tively un-stable [jj. In contrast, the present approach based on lower- dimensional solutions of 
the basic matrix model has a good chance to be perturbatively finite, and might also dispense 
with the need for 10-dimensional compactifications if the effective 4-dimensional gravity on the 
brane turns out to be physically viable. This is the main motivation for the present approach. 

It is also interesting to consider the same type of backgrounds from the point of view of 
4-dimensional non-commutative gauge theory. We point out that they correspond to certain 
time-dependent solutions which are periodic rather than translation invariant. In particular, 
analogous solutions should also exist for conventional A/" = 4 super- Yang-Mills theory, real- 
ized by time-dependent non-trivial VEVs of the 6 scalar fields. However, in the absence of 
noncommutativity the U{1) sector would decouple, and the effective 4-dimensional geometry 
would not be affected by the compactification (i.e. the scalar fields). On the other hand, 
a similar effect is expected to arise on branes with flux embedded in governed by the 
Dirac-Born-Infeld action. 

This paper is organized as follows. After recalling some background we present the basic 
structure of the solutions under consideration in section [3l focusing on three classes of solutions 
characterized by non-vanishing currents. Their semi-classical significance is elaborated. We 
then explain the 4-dimensional gauge theory interpretation of the backgrounds in section |H In 
section Owe study the zero modes of the embedding fiuctuations of /C, elaborate their effective 
action, and determine the resulting perturbations of the Ricci tensor. The full equations of 
motion for perturbations is given in section 15. 4[ Finally the appendices provide explicit details 
for the solutions under consideration as well as a general discussion of conserved currents in 
the matrix model. 

2 Matrix models and their geometry 

We briefly collect the essential ingredients of the matrix model framework and its effective 
geometry, referring to the recent review 0| for more details. 

The starting point is given by a matrix model of Yang-Mills type, 

5YM = ^Tr([X^X^][X^,X>^cr?iJD +2^7^[X^,^]) (2.1) 

where the are Hermitian matrices, i.e. operators acting on a separable Hilbert space Ti. 
The indices of the matrices run from to — 1, and will be raised or lowered with the invariant 
tensor rj^B of SO{D — 1, 1). Although this paper is mostly concerned with the bosonic sector, 
we focus on the maximally supersymmetric IKKT or IIB model |l| with D = 10, which is 
best suited for quantization. Then is a matrix-valued Majorana Weyl spinor of 5*0(9, 1). 
The model enjoys the fundamental gauge symmetry 

X^ U'^X^U , ^ ^ U-^m , U G U{H) (2.2) 

as well as the 10-dimensional Poincare symmetry 

X^^A{g)iX'>, ^^^^g)^^<^Ip, 9^80(9,1), 
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and a A/" = 2 matrix supersymmetry [1]. The tilde indicates the corresponding spin group. 
We define the matrix Laplacian as 

□$:=[Xb,[X^,$]] (2.4) 
for any matrix $ G Then the equations of motion of the model take the following form 

UX^ = [Xb,[X^,X^]] = (2.5) 

for all A, assuming \E' = 0. 

2.1 Noncommutative branes and their geometry 

Now we focus on matrix configurations which describe embedded noncommutative (NC 
branes. This means that the X^ can be interpreted as quantized embedding functions 

~ : TW'" ^ (2.6) 

of a 2n- dimensional submanifold of H^^. More precisely, there should be some quantization 
map Q : C{Ai) A G L{'H) which maps classical functions on to a noncommutative 
(matrix) algebra of functions, such that commutators can be interpreted as quantized Poisson 
brackets. In the semi-classical limit indicated by ~, matrices are identified with functions via 
Q, in particular, X^ = Q{x^) ~ x^, and commutators are replaced by Poisson brackets. For 
a more extensive introduction see e.g. Q. Then the commutators 

[X^,X^] ~ = te''\x)daX^dbx'' (2.7) 

encode a quantized Poisson structure on (A^^", 9"'''). This Posson structure sets a typical scale 
of noncommutativity Anc- We will assume that 9°''^ is non-degenerat^, so that the inverse 
matrix 9~,^ defines a symplectic form on A^^" C R^°. This submanifold is equipped with the 
induced metric 

9ab{x) = daX'^dbXA (2.8) 

which is the pull-back of tjab- However, this is not the effective metric on Ai. To understand 
the effective metric and gravity, we need to consider matter on the brane Ai . Bosonic matter 
or fields arise from nonabelian fiuctuations of the matrices around a stack X^^l^ of coinciding 
branes, while fermionic matter arises from in (12. ip . It turns out that in the semi-classical 
limit, the effective action for such fields is governed by a universal effective metric G"^. It can 
be obtained most easily by considering the action of an additional scalar field coupled to 
the matrix model in a gauge-invariant way, with action 

= ^Tr [X^,0][X^,0] ~ I d'-x^/\9^r^'9'"''ga,,>da<pd,<P 

= J d'-xy^\G'''da<l>d,<p. (2.9) 



"'If the Poisson structure is degenerate, then the fluctuations propagate only along the symplectic leaves. 
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Therefore the effective metric is given by 
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U — e U U ga'b' , 

(2.10) 



det Gab^ ^detQab 

for n > 1. To understand the dynamics of the geometry in more detail, the following result 
is useful Isf: the matrix Laplace operator reduces in the semi-classical limit to the covariant 
Laplace operatoiH 

□$ = [XaJX^,*]] ~ -e^Dc*/) (2.11) 

acting on scalar fields $ ~ 0. In particular, the matrix equations of motion (12. 5p take the 
simple form 

= DX^ e^Dcx^. (2.12) 

This means that the embedding functions ~ are harmonic functions with respect to 
G. Furthermore, the bosonic matrix model action (12. ip can be written in the semi-classical 
limit as follows 

Sym - I d^-xV\e^\r'9ab. (2.13) 

Here we introduce the conformally equivalent metric]^ 

^ab ^ gaa' gbb' g^^^^ = G"^^ (2.14) 

which satisfies 



^/iF^-f"'' = vMG"^^ (2.15) 



3 Compactified brane solutions and their geometry 

Now we discuss in more detail branes with compactified extra dimensions 

M^"" = M^ X /C C (3.1) 

where the extrinsic curvature is predominantly due to /C C R^, while the embedding of Ai^ 
is approximately flat. Such solutions including K, = and /C = S*^ x S*^ have been given 
recently [l2|, where K, is rotating along A^^ and stabilized by angular momentum. \3gx'^ = 
is possible because of "split" or mixed noncommutativity, where the Poisson structure relates 
the compact space Ai^ with the non-compact space /C, 

{x'^,x'}^0. (3.2) 

Here x^ are coordinates on A^^ and x^ are the embedding functions of /C. This implies that 
perturbations of /C lead to perturbations of the effective 4-dimensional metric on Ai"^, as 
elaborated below. 

'"'This result does not apply to the 2-dimensional case, where a modified formula holds [l8l |. 
^More abstractly, this can be stated as (a, (3)^ = {iad, ipd)g where 9 ~ ^B'^^da A db- 
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3.1 The embedded fuzzy torus 

Starting with the unitary clock and shift matrices U, V with UV = qVU and = 
for q = e^'^*/^, we can define 3 complex matrices 

'X^ + iX'' 

X6 + iX^ I (3.3) 

,X^ + iX^ 

where 

+ iX^ = U, X^ + iX^ = V, X^ = X^ = . (3.4) 
This defines a fuzzy torus embedded in R^. They satisfy the relations 

{xy + (xs)2 = 1 = {xy + {x'Y, 

= 0= 

= X^ = , (3.5) 



The irreducible representations of the clock and shift matrices are well-known [19| and need 
not be repeated here. These matrices can be viewed as embedding maps 

X* ~ : ^ (3.6) 



and we can write 

X^ + tX^ = e'-* ~ £^ + ii^ = e'^\ 
X^ + iX' = ~ £6 ^ ix' = e'^' (3.7) 



with S^, G 5u{N) and {^^,^^} = in the semi-classical limit. The spectrum of the 
corresponding matrix Laplace operator is easily computed: 

n<p=[X\[X\<f)]]6,j (3.8) 

□ (t/^y™) = c(Hj + [m]2) W'V'^ (3.9) 

where 

r , sin(n7r/A^) 

\n\n = ——, — TTTT ~ ^ 
^ sm(7r/X) 

c = 4sin2(7r/X) (3.10) 

This implies 

□X^ =4sin2(7r/X)X^ i = 4,...,9 (3.11) 

Note that this relations holds trivially for X® and X^ . We also note that the fuzzy torus 
enjoys a Z^v x Z^v symmetry implemented as gauge transformations 

UZ'U-^ =1 g j ^\ I^ZV"^ =1 1 \z'. (3.12) 



Finally, it should be obvious that the particular embedding chosen in (13. 4p can be generalized 
by acting with 5*0(6) on the 6 matrices X"-. This will be exploited below. 
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3.2 Compactification with rotating fuzzy tori 

In this section, we will exhibit an interesting class of solutions of the IKKT model with 
geometry M*^ x /C, where /C is a rotating version of the above torus. The idea is simply to 
balance the brane tension with the centripetal force due to the rotation. Some basic solutions 
of this type were given previously in 12| for the IKKT model, and in [13] for the BFSS model. 
We give a more general setup which allows to study also their perturbations. 

Let ~ x^, = 0, 3 generate the algebra of functions Ag on the quantum plane Rg, 



(3.13) 



with 9^'^ in canonical block-diagonal form. Let U ~ e*^*, V ~ e*^^ be generators of a fuzzy 
torus as above, with Poisson bracket 



TT 



(3.14) 



Together with the noncompact coordinates we obtain local coordinates ^" = (x^,,^*), which 
are in fact Darboux coordinates with Poisson brackets 



// 

' ' -001 j 



nab 



v 



023 
-023 



We first let the above fuzzy torus rotate along its cycles as follows 



(3.15) 



'X^ + zX^^ 
X^ + iX'' 
,X^ + tX^ 



(3.16) 



where ^4^5 are 3x3 matrices taking values in ^ = Mat(A^, C) ® Ag given by 



W4 = diag(f/4, 1, 1), W5 = diag(l,f/5,l) 



(3.17) 
(3.18) 



using the same complexified matrix notation as in fl3.3p . More general embeddings along 
arbitrary commuting f/(l) subgroups of S0{6) can be obtained as follows 



e Mat (6,^) 
a = 4,5 



(3.19) 



where n^^j G Z and 2:0 ^ = R®. This amounts to choosing commuting generators Aq as 
follows 



O 



O"^ = Cdiagc(n„,ii,n„,2«,na,30C"^ G 5o(6) (3.20) 



8 



for some O G 5*0(6). To be well-defined in the matrix algebra A, the perturbations £° must 
be polynomials in the fuzzy torus generators U, V, i.e., 



i(n4H'*+n5H5) 



(3.21) 



This requirement also motivates the above ansatz for the in terms of diag(;;{nii,n2i,n3i) 
We further let this torus rotate along transversal directions via 



Wo 



r{X,'E)UdAjU, 

= k';^^X^' + S"{X,E), 



J 



a = 6,7,' 



(3.22) 



with commuting generators Ae, A7, As G so (6) as will be specified below. This describes a fuzzy 
torus which is rotating not only along its cycles but also transversally in S*^ C R^, as x moves 
along R"^. Note that r, and f " with a = 6, 7, 8 have the same expansion as in fl3.2ip so 
that the e^°^" are "smooth", i.e. they satisfy the periodicity condition. We will mainly focus 
on configurations where is linear in X^, S", and /c*-^-* = /c*-^-* = 0. We furthermore assume 
that the radius function r{X) is constant, which will be justified below. 

It should be clear that the above ansatz can be generalized to 4-dimensional compactifica- 
tions /C. We will also consider analogous ("type C") configurations with 3 mutually commuting 
matrices A4_5^6 in fl3.19p (with = 0) and 2 mutually commuting matrices Ay^g in (13.221) . 

Semi-classical form. In the semi-classical (Poisson) limit, we can write the above config- 
urations more systematically as follows: 



X 



Wo 



v 



r{x)UsUrUe | 

z^/ ) 



x^ + ^^^(0 
r{x)UiA-M&UrU^\z^ 



a = 4,5,6,7,8 



(3.23) 



(3.24) 



Here A4, A5 G so (6) are mutually commuting generators of rotations along both of the 
torus (13. 4p . and Ag, A7, Ag G so(6) are further generators of rotations transversal to the torus. 
The 8°' determine perturbations of the background. For 8°' = 0, these configurations are 
specified by the momenta k^'^\ whose non-compact components kl^^ will play a role similar 
to a vielbein. The radius function r{x) will be constant in most of the following. For low 
energies this is in fact a consequence of the no n- vanishing flux on T^, as we will show later. 

The motivation for these group-theoretical constructions is that all perturbations (for fixed 
r) can be described in terms of the S"', exhibiting the relation with the global 5*0(6) symmetry. 



Metric. The above parametrization is adapted to the embedding /C C S*^ C R^, and the 
if"', a = 4, 8 can be viewed as local coordinates on S^. The embedding metric on C R^ 
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in these local coordinates '^'^ on S"^ is given by 

= -r'{zo\UM^X^X[sU,U,\zo). (3.25) 

We will write (/^^ = 5^^^ if no confusion can arise. We can now compute the embedding 
metric and the effective metric on Ai in Darboux coordinates: 

gabdx"'dx^ = {daX^dbX^7]^i, + daX^dbXi)dx"'dx^ 

= {v>.u + d,S%, + d^S\, + d^£^d,£'^)dx^'dx^ + g^^^dx^'dx' 

^ab ^ Qaa' Qbb' g^^^^ _ (g ^g) 

Here 

9 

^i? = E^«^^^''^^ = da^'^db^^aiT '= k^k^bdlT (3.27) 
is the contribution due to JC. Hence for £^ = 0, the embedding metric on = x /C is 



^abk=0 - I (K) Ik.) - \ i^aJ ) (3.28) 



Including perturbations, the 4-dimensional embedding metric is 



5e9,u = 0,8%, + d,£%, + {k-^d^S^ + d,£-kt)go.p + fc°A;^ + 0{£^) (3.29) 

The crucial point is that linear fluctuations of the "internal" sector of the model contribute 
to the 4-dimensional metric, coupled via k'^g^p 7^ 0. This is a key difference from ordinary 
(commutative) Af = 4 SYM theory, where the U{1) sector completely decouples and the 
analogous internal perturbations would not contribute to the effective 4-dimensional metric. 



3.3 Semi-classical equations of motion 

Now we establish whether this ansatz fl3.23p provides solutions of the equations of motion 
OX^ = 0, for the undeformed case £°' = 0. We first restrict ourselves to the semi-classical 
case, establishing the equations of motion at the Poisson level, and moreover we assume 
r = const here. First, the equation DX^ = for the non-compact components reduces 
semi-classically to 

□gx^ = -r^ + nG£^ = (3.30) 

in Darboux coordinates, where 

= -n^^^ = _e-'^5a7''^ (3.31) 
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The equation for the compact components DX* = becomes 



{x^, {XA, z'}} = Q^'^' Q''''' d^x^d,, ip^XAdv^) 
= e'''''9'"'da'{gabdb'z') 

= da {r'd,z') = ir'da - e''T')dtz' (3.32) 



Noting that 



daUa = da'^°'{x)\alAa, (no sum over a) (3.33) 

this can be written as 

= rW6W8(9a(7"'96V9")A„ + 7'^U<^"(a;)'9fe/(x) : K\p ■)UdA, \z^) 



= r 



UeUM-e^'T-ki^^X^ + 7'^''A;(")fcf : A„A^ ■.)UM \zo) (3.34) 



Here the :: indicates "normal ordering", i.e. the Aj are arranged in order 6, 7, 8, 4, 5. Therefore 
we certainly obtain a solution of {x^, {xa,x^}} = if the k^°'^ can be chosen such that 

□gx^ = -r^ + DgS^ = 

= 0, and -f''^daip''{x)dbip^{x) : A^A/j := . (3.35) 
For the unperturbed background with £ = 0, this reduces to 

r" = 

r'Kk^t ■■ AaA^ : = (3.36) 

This will be discussed separately for three types of configurations. We also note that fl3.35p 
together with (I3.25p implies in particular 

r'g^^^ = (3.37) 
This determines the radius r, as discussed in more detail in Section 13.51 

Type A solutions. Type A solutions are characterized hj Uq = Uj = Us = t (hence 
= — j^{s) — g^j^^ 2 generators A^, a = 4, 5 which satisfy — A| + Ag = 0. Then the 
above semi-classical equations of motion are solved if 

_ j<^>>g^^ag^^f} ^ ^2^a/3 _ p^diag{-l, 1) for a, /3 = 4, 5 (3.38) 

where is some scalar (function). Then (13.351) holds since — A4 + A5 = 0. In the unperturbed 
case, 8 = 0, g)^i^ is constant for a, /3 = 4, 5 by construction, so that both Qab and 7 are 
constant. Hence this class of solutions is characterized by two momenta {k^*\ k^^^) which form 
an orthonormal 2-bein 
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with respect to the effective metric. Notice that this is in general a quartic equation in the 
ka since 

where 

e^'^ = A;(")A;i^)r'' (3.41) 

We will see that type A solutions are characterized by 2 non-trivial constant currents and a 
Z/vT X Zjv symmetry. The induced metric on in {x'^,ip'^) coordinates is constant given by 
{Vtiv^ 9ap)^ and the structure is very similar to a quantum plane. In Appendix IB.H we give 
explicit solutions of this type. 

Type B solutions. Type B solutions are characterized by W7 = = 1 (i.e. /c*^^-* = k^^'' = 0) 
and 3 generators A^, a = 4, 5, 6 which satisfy — A4 + A5 + Ag = 0, and 



7"^ =7 



"^(9a<^'"a6/ = p^r/"^ = pMiag(-l, 1, 1) for a, /3 = 4, 5, 6 (3.42) 

^a6^(a)^(/3) _^2^a/3 for £ = (3.43) 

In the unperturbed case £ = 0, this is characterized by three momenta {k^^\ k^^\ k^^^) which 
form an orthonormal 3-bein with respect to the effective metric, where k^^^ is time-like. Note 
that Ag does not commute with A4, A5 for type B. An explicit choice of A's and the corre- 
sponding metric ga/3 can be found in Appendix IB.2I Using this explicit form (1B.6P of (yf^^ ^ , 
the condition da'y"'^ = gives 



(946^(5) + 945^(6)) ^^56 y J ^ (3.44) 



which requires Q^^k^^^ = —Q^^k^^\ and therefore G^^ = = G^^. Furthermore, there 
are potentially non-constant contributions in the orthogonality condition fl3.40p arising from 
^Qa5Q[S6 ^ e'^^eP^)gff\ip^). This implies that either G"^ = or G"^ = 0. Therefore 

G"^ = 0, a,/3 = 4,5,6, (3.45) 

which means that the (p^"^ = k^f^^"" form 3 mutually Poisson-commuting fields on Ai^. This 
also means that the quartic term in f l3.40p drops out, and there is a non-empty moduli space 
of type B solutions as shown in Appendix IB.2I 

Type C solutions. Type C solutions are characterized by W7 = Wg = 1 (i.e. k^"^^ = fc^®^ = 0) 
and 3 mutually commuting generators A^, a = 4, 5, 6 which satisfy — A4 + A5 + Ag = 0, and 

^"/^ = ^«^5a</?"96/ =p2^"'3 =p2^iag(-l,l,l) for a = 4, 5, 6 (3.46) 
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This entails some obvious modifications in formulae fl3.19p . f l3.25p . and fl3.34p . In the un- 
perturbed case, this is characterized by 3 momenta which form an orthonormal 3-bein 
with respect to the effective metric, and k^'^^ is again time-like. In this case we do not need 
Q°''^ = since, by construction, Qa/s is independent of ip for a, /3 = 4, 5, 6, so that, as for type 
A, k'^k^gai3 = const, and therefore 7"^ = const. Hence these solutions are intrinsically flat, 
and turn out to support 3 constant currents and a Z^v x Z^r symmetry. An example of a type 
C solution is given in Appendix IB. 31 

In summary, we have obtained 3 types of compactified brane solutions of the semi-classical 
equations of motion. They correspond in fact to exact matrix solutions of DX^ = 0, as shown 
Appendix O 

Effective metric. The 4-dimensional effective metric which governs the long-distance 
physics on A4 is given by 

7(Td) = + e^^e-^'ki^^klf^g^p (3.48) 

which is determined by the k". The important point is that these fc" ~ da'p" play a role 
similar to a vielbein, and they are dynamical (albeit not independent as in general relativity). 
Some of them will be related to conserved currents below. This effective metric is constant for 
type A and C, and oscillating for type B according to gajs (and should therefore be averaged 
at low energies). Our aim is to understand the response of this metric to matter, which means 
to understand the effective gravitational dynamics on Ai. 

3.4 Currents and conservation laws 

Consider the SO (6) currents (1A.6P 

J{a)a = {XajjiX'daX^, Xa G 50(6) (3.49) 

which arise from matrix model currents as discussed in appendix IA.2I Here and in the fol- 
lowing we denote with a an arbitrary generator of 50 (6), while a indicates the particular 
generators chosen for a = 4, .., 8. In the absence of matter, these currents satisfy the following 
conservation law 

= 0. (3.50) 
For the above solutions, some of these currents are non-vanishing. They can be computed via 

Ji^)a = liXaZ^daZ' + ^{daZ^XaZ' . (3.51) 

which is complicated for a general A^, and most currents vary along JC. However for a = 
(6, )7, 8 corresponding to transversal deformations (a = 6 being excluded for type C), they 
take a simple form related to the metric: 

~ -^5Z5a¥'^(50^(A„A;3 + A^A,)5* = Y,daf^9o.p, « = (6,)7,8 

= L(a)a (3.52) 
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which holds even including perturbations. Here we introduce the following notation 

L{a)a-= da'f'^ga/B, = 4,5,6,7,8 (3.53) 
For type A and C, the unperturbed currents for a = 4, 5, 8 can be written as 

J{a)a\£=Q = L(^a)a\£=0 = k^g^a, a = 4,5, ...,8 (3.54) 

Using the explicit results for Qajs in appendix [B| we note that type A solutions have 2 constant 
currents J(4,5) 7^ 0, and type C solutions have 3 constant currents ^(4,5,6) 7^ 0. We expect that 
the solutions are to some extent characterized as "ground states" for these given currents. 
Finally, the contribution from /C to the embedding metric fl3.28p can be written in terms of 
these La as 

8 8 8 

= E 9a^^a^9,^''^^ 9ap = J] = ^ dtV>''L^a)a (3.55) 

a, (3=4 0=4 0=4 

which reduces to g^^^^ = ^ kaJ{a)b = ^ k^J{a)a for the unperturbed backgrounds. 

Current conservation. As a consistency check, let us verify conservation of the currents 
Ja°'\ a = 4, 8 for the unperturbed type A and C solutions. We can write the conservation 
law as 

dair''J(a)b) = -e'^rV(o), + 7"'i^Ha6, « = 4, 5, 8 (3.56) 

where 

2K^^)ab := 5. + 9,J(o). = kl^hj^^ (^ + ^) (3.57) 

(for £ = 0) is related to the extrinsic curvature of the brane. Since r** = as verified above, 
this leads to 

r''K^.)ab=p'v'''^ = (3.58) 

which follows from the orthogonality condition (13.381) . and the explicit gai3 in Appendix [Bl 
In principle, these conservation laws should completely capture the equations of motion for 
perturbations with fixed radius. However, we will not pursue this any further here. 

We will see that the presence of these symmetries leads to massless (Goldstone) modes, 
including the S°'. Moreover they couple linearly to the metric, which implies that these are 
some sort of gravitational modes. 

3.5 Flux stabilization 

We want to understand the dynamics of the compactification radius r. Assuming an un- 
perturbed compactification of the above type, the semi-classical matrix model action is given 
by 

Sym-^-J Ve~'r'gab = -j^ 

Vir) = e-^[r^,.,.e^'^e^'^{r,,, + 2^^^)) + Q'^'"' Q^^' g^S g^^l) (3.59) 
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recalling the antisymmetric matrix B"'^ = {yj", (p^} (13.411) . Since (^q,^ ~ r^, this gives a quartic 
potential V{r) = Vo + ar^ + 6r^ in the compactification radius r, which we consider as variable 
here. Now we have to distinguish two cases. First, assume O"^ ^ 0, so that there is some flux 
on /C. Then the quartic term in V{r) is positive, leading to an effective potential for r with 
minimum at f determined by 

= ^jr'^'r^'^i^) + Q-'e'^'glSgia^l = r'gll^^ ■ (3-6o) 

This coincides with the condition fl3.37p found previously. In order to have > we must 
have rjl^J O'^^' 6'^'^' gjj^^ < 0, so that the potential has a unique minimum at > and mass 

ml = V"\r = -^vl!^0'''''9'"''gl^^ > . (3.61) 

The scale is set by r and the noncommutative structure 6"''', which are both UV scales. This 
means that the radial perturbations are stabilized by the flux and massive, and we can safely 
set r = const at low energies. 

On the other hand if B"'' = 0, then the potential V{r) is flat, leading to a massless radial 
mode. Although this mode is interesting because it couples to the energy-momentum tensor 
(lot , it probably acquires a mass via quantum corrections since it is not protected by any 
symmetry. We therefore focus on the case 0°"^ ^ from now on, for type A or C solutions. 



4 Gauge theory interpretation 

The solutions found above were interpreted up to now in terms of a brane with 6-dimensional 
effective geometry. Now we use the interpretation of the the matrix model as noncommutative 
M = 4 SYM theory on Rg with gauge group U{N), via 

X-=(^''|.M. (4.1) 

Here the transversal matrices are renamed as 

= 03 ^ t(f)^ (4.2) 

and interpreted as 6 scalar fields on Rg in the adjoint representation of U{N). The 5*0(9, 1) 
symmetry of the model then decomposes into 5*0(3,1) x 5*0(6), where 5*0(6) is the R- 
symmetry group of A^ = 4 SYM. The emergence of fuzzy spaces from nonabelian gauge 
theory from nonabelian scalar fields is well-known by now, and the equivalence of these two 
interpretations of the matrix model constitutes the starting point underlying emergent gravity 
matrix models More specifically, we interpret the solutions fl3.22p in terms of coherent 
plane wave excitations of the 6 [/(A^)-valued scalar fields Z\ propagating along 2 resp. 3 
momenta k^°'\ "Coherence" here refers to particular su{N) structure which is chosen such 
that an effective toroidal geometry arises for large N. 

The field-theoretic view is useful here for at least two reasons. First, it allows to compute 
and compare different solutions and their currents resp. energy-momentum tensors, and select 
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the preferred (lowest-energy) solutions for a given set of quantum numbers. Second, it makes 
manifest the UV finiteness of the model, since the VEV of the scalar fields becomes irrelevant in 
the UV where the model reduces to the TV = 4 model on Rg. Nevertheless, this interpretation 
does not alter the fact that the effective metric for excitations around these solutions is given 
by (12.101) . so that perturbations lead to a modified effective 4-dimensional metric. This is the 
key difference compared with commutative A/" = 4 SYM theory. 



4.1 Translational invariance and periodicity 

Without perturbations, the ansatz (13.221) defines a periodic structure on the non-compact 
space defined by the 2 or 3 non- vanishing momenta kl^\ We can introduce a reciprocal 
basis aj^^j for the subspace spanned by these momenta supplemented by vectors 6^^,^ such that 

A;f af„) = 2vr5f , k(f%,^ = 0. (4.3) 

Then clearly the 0* are invariant under — )■ x'^+a|'^^, and 6^^,^9^0*(x) = 0. These translations 
can be implemented by gauge transformations on Rg via 

0^(X^ + a") = Ta(p\X'')T-^ = 0*(X^), Ta = e'"'^'^'^^^" (4.4) 

for a = a^^y and 

0*(X^ + 6^) = Tb0*T-i = 0^(X^) (4.5) 

for h = h^^iy Moreover, the lattice spanned by the ^('45) has a sub-structure defined by the 
Ztv X Zat symmetry of the fuzzy tori, which amounts to a discrete translation invarianc^ 



Uct>\X^)U-' = ct>\X^ + -a^^,^) ^£ (et^^);.0^-(X'^), 

Vcl^\X^)V-^ = ct>\X^ + ^a>l,;) ^£ (e^^^)^0^■(X^) (4.6) 

The last equality holds onljl^ for type A and C, which thereby respect a global Zjv x Z^r 
R-symmetry up to gauge transformations. Furthermore for type B and C we have 

e2-A«0^(X) = T-;^0^(X^) T,,^,, (4.7) 

for arbitrary c. In the semi-classical limit — )■ 00, we can introduce the 6 generators 

p^ = e;J{x^.} = 9^, 

P: = e-Hi\.} = d,. (4.8) 



^Thc compactification of the IKKT model considered in [l5| are characterized by similar relations, but were 
interpreted in a very different way. The present considerations show that such solutions appear as non-compact 
periodic backgrounds for perturbations which propagate on them. 

^The conjugation with U resp. V induces a A4.5 factor between the normal-ordered operators Uers45 in 
p.22p . which for type A and C can be commuted to the left since Ag commutes with A4.5. 
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Then the above discrete lattice symmetry imphes 

{a^^P^ - = (-^i^W^M - 27rA,*^. , a = 4,5 

= (^Jafg^P^ - 27iXe\^^\ for type B and C . (4.9) 

Therefore the solutions under considerations are not vacua in the usual sense of quantum 
field theory, but can be considered as "generalized vacua" which enjoy a discrete translational 
invariance analogous to solid state theory. This discrete translational invariance should char- 
acterize the states under consideration. In view of the enhanced symmetry fl4.6p resp. f l4.9p . 
type A or C seem to be more natural candidates for "vacuum" geometries. 

4.2 Kaluza-Klein modes 

For the toroidal compactifications under consideration, all modes (both for the geometry as 
well as for matter or gauge fields) can be decomposed into Kaluza Klein (KK) modes, 

N2 

$(x, = Y1 '^•n,™(x)e^"«'+'"«' = ^ $„,„(x) U^V^ . (4.10) 

n,m n,m=—N/2 

Even though the metric 7*^^ does not respect the product structure M.^ = Ai^ x /C, for type 
A and C 7*^^ is constant, i.e., the effective Laplacian respects the U{lY symmetry (more 
precisely, the Zjv x Zjv symmetry), and therefore the above decomposition. Explicitly, 

□$(x, = Y1 ( - c„,™$„,„^ + 2zA^^^a^$„,„ + d^ir^du^n,^)) (4.11) 

n,m 

with 

K,m = + 7^'m. 

Setting 

where 7^,^ is the inverse of the 4D 7 metric, we may write the wave equation for $n,m as 

The "vector potentials" A!^ ^ simply shift the origin of momentum space. Regarding stability, 
it is thus important to check that A!^ mlt^y^n m ~ ^n,m is negative. We may write it as 

with some 2x2 matrix Q. For our type A and C solutions one explicitly checks that this 
matrix is negative definite, so we indeed have stability of the KK modes. 
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The above reduction to 4-dimensions by keeping only the trivial KK modes in U, V can be 
written more geometrically as 



(•):= ^jOij'd^de - tr^(.)- (4.12) 

For type A and C, this amounts to an averaging procedure over the compactification JC. 
However for type B, it effectively averages also over a unit cell of the 4-dimensional periodicity 
identified in section 14.11 We can then introduce the reduced effective metric G^^^j^^ 



-11 
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(cf. fl3.48p and section 5.1 in 10|). This metric governs the action for the lowest KK modes. 
For example, the action for a scalar field 4>{x) takes the form 

= J d'xsJe^^^l^d,(t>dA = j d'x^J\Gi^\Gll^d,(t>dA (4.14) 
recalling that the Poisson structure separates nicely in Darboux coordinates. 



5 Geometry, perturbations and curvature 
5.1 Perturbations and coupling to matter 

Under perturbations of the parameters y?" for a = 4,..., 8, the variation of the embedding 
metric around a general background is given in Darboux coordinates by 

= daS'^L^b + dbS'^L^a + daV'^d.ip^^g^pE^ (5.1) 

Note that the unperturbed type A and C backgrounds are intrinsically flat, so that the deriva- 
tives w.r.t. Darboux coordinates are actually the covariant background derivatives, da = Vq. 
For type A or C backgrounds, the last term vanishes 

Kk^b^gap = (5.2) 



as for these types ga/s is constant for a, /3 
also the non-compact variations for fi 
6-dimensional metric perturbation 



= 4,5,(6), cf. Section [3731 Taking into account 
= 0,...,3, the same form fl5.ip holds for the full 



^sgab = da£"L^b + dbS^'Lo.a + da'{)'^dbip^ ^g^^pE^ (5.3) 

for all a = 0, ... 8, setting i^(p)^ = rj^p. 

Now we want to include matter to the system. Since matter couples to the effective metric 
G"**, the variation of the matter Lagrangian with respect to the geometry is given as usual in 
terms of the energy-momentum tensor Tab of matter, 

5Sm= [ VGTabSG^'= [ VGe-''TabIl'''^'%cd. (5.4) 
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Here we note that the variation of the effective metric can be written as 



where 

j^ab,cd ^ gacQdb _ _J_ gabbed _ 

Using the above form for 6gab, this becomes 

SSm = -2 J Ve^£''{K^^)abll''''''nd + J^feH'^^'^'^aaTe,) (5.5) 

using fl3.54p and (13.571) . assuming type A or C for simphcity and replacing La — )■ Ja for 
the background. Therefore the presence of matter leads to perturbations of 8°" mediated 
by Ja 7^ 0. Non- derivative coupling to matter arises in the presence of extrinsic curvature 
K{a)ab 7^ 0. This iuduccs a dynamical rotation of /C C along M'*, which in turn affects the 
effective geometry. This will be elaborated in more detail for the zero modes below. 

5.2 Zero modes and and low-energy effective action 

The matrix model action is invariant under the 10-dimensional Poincare group 5*0(9, 1) ix R^°. 
This symmetry implies that given a solution, we get a new, degenerate solutioij^l by acting with 
some group element. As usual, this leads to massless Goldstone bosons, and it is plausible that 
these zero modes govern the low-energy or long distance physics of the perturbed solutions. 
We therefore study these zero modes and their geometrical significance in detail. For a related 



discussion focusing on the particle physics aspects see [23 
Consider first the SO{Q) symmetry 

Sax" = iXaYjX^ , A„ e so(6) (5.6) 

which acts on /C C and preserves the non-compact brane R*^. The corresponding Goldstone 
bosons are obtained by making these transformations x'^- dependent, 

SaX' = A^{X) {XaYjX^ . (5.7) 

For sufficiently complex /C, they all describe different, non-trivial^ deformations of /C C R^. 
Therefore this gives dim(so(6)) = 15 independent Goldstone bosons on R^. Along with the 
remaining 4-dimensional zero modes due to the other symmetries, they should govern the 
low-energy physics. This is nothing but the usual low-energy effective field theory approach. 

For the solutions under consideration, we can describe these symmetries and perturbations 
in terms of the variables ip°' introduced before. The torus solutions fl3.22p can be viewed as 

: T^^ S\ (5.8) 



^This global rotation preserves the type of solution (type A,B,C) under consideration, since it simply rotates 
generators Aq. 

^"For type A, the rotation in 8,9 direction is trivial. Note also that the tangential modes A4,A5 along 
C correspond to gauge transformations. 
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described by the local coordinates y?", a = 4, ...,8 on C R^. The unperturbed solutions 
are embedded along (f'^,if^, which can be used as coordinates on T^. Thus an infinitesimal 
rotation of the tori can be written a^ 

5ax' = iKY.x^ =x\^ + - x\^) = £^g^ (5.9) 
with infinitesimal S^i^), for a = 4, .., 8. Now we choose a basis of so (6) as follows 

{K} = {A4,A5,A6; A,.} (5.10) 

such that the A4, A5, Ag are (in a suitable basis) mutually commuting 2 x 2-block-diagonal 
matrice^l of 5o(6), orthogonal (w.r.t the Killing metric) to the remaining block-off- diagonal 
matrices Xa'- Then = 6^ for a = 4, 5, (6) for the unperturbed solution, and the zero mode 
(15. 7p can be written in terms of the original fields as 

£°(x^e) = A^(x'')£:^(x^e) . (5.11) 

Although we will not need the explicitly, it means that some of these zero modes correspond 
to non-trivial Kaluza-Klein modes on /C. Hence the apparently new degrees of freedom Ao(x^) 
simply capture certain higher KK modes of S", corresponding to x'^-dependent symmetry 
transformations of the rigid objects /C. In a more complete treatment, we should expand the 
most general perturbation £^"(x'^,^') into harmonics on /C, obtain the equations of motion 
for these KK modes, and discard those who acquire a mass from the 4-dimensional point of 
view. This is a non-trivial but well-defined task, which requires to solve the general equations 
of motion elaborated in section 15.41 The present approach based on symmetries allows to 
short-cut this complex procedure in a simple and intuitive way. 

There is an interesting alternative point of view. If these zero modes describe all relevant 
low-energy modes, then the low-energy effective action can be viewed as an action for a group- 
valued field on R'', 

Rixf") = exp(A^(x'^)A^) : ^ g . (5.12) 

This is the case if the action of Q on the solution is free, which should hold quite generically 
for sufficiently complex compactifications. Otherwise, one has to replace Q — )■ Q /Ti where 
is the stabilizer group. 



Averaged currents. We assume type A or C from now on. The general 50 (6) currents can 
be written as follows 

J(a)a = Hapda^'^ 

Hgfi '■= —x\a\j3X = £2_ £^ (5.13) 

where Hafs = g^^p ^ ^i 1^ ~ ^i ^i {^'^^ a = 6 for type C) due to (13.251) in the above 
conventions. The average over K, can be written in the form 

{Hap) = -tT{llKXp) (5.14) 

-"^-"^ Although the coordinates are not globally defined on , this is not expected to be a serious problem. 
""^^For type A, the new Ag is different from the one used in the previous sections. 
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where 11 is defined in (lB.16p . We verify explicitly in appendix [B] that 11 commutes with the 
three commuting U{1) generators A4^5^6- It follows that (-f/a/3) is invariant under these U{1) 
subgroups for /3 G {4, 5, 6}, and therefore 

{H^)=0, /3e {4,5,6}, a ^{4, 5, 6} 

/T \ _ j ka9i3a, a = a G {4,5, (6)} , . 

W(i.)a;-|Q^ a ^{4, 5, (6)} ^^-^^^ 

where a = 6 is included for type C. To proceed, we will expand the action to quadratic order 
in the A-{x^), and study the associated perturbations of the 4-dimensional geometry. 



Metric perturbations due to zero modes. We determine the metric perturbations due 
to the above zero modes. Consider first the above 5*0(6) modes. Similar as in fl5.ip . we have 

'^A5'i? = daxdb{A-{x)Xax) + da{-xA-{x)Xg_)dbX 

= aA-(x) J(„)a + daA^ix)J^^)t , (5.16) 

which vanishes for constant A- as it should. Here J{a)a is the SO (6) current fl3.49p . Note that 
the sum is now over all the so(6) generators rather than just a = 4, 8, which is sometimes 



useful [111]. Similarly, the translational symmetries 

^X^ + c^ (5.17) 
give rise to 10 Goldstone bosons c'^(x^). The corresponding metric perturbations are 

^cQab = daCAdbX"^ + daX^dbCA = daCA-Jb + Ja^bCA (5.18) 

where 

■= dbX^ . (5.19) 

However, the zero modes corresponding to internal translations do not couple to matter 
since (J*) = 0. 

Formally, analogous considerations apply to the full 5*0(9, 1) symmetry. However, they 
are not expected to lead to independent physical modes, since the currents corresponding 
to the breaking modes of 50(9, 1) — )■ 50(3, 1) x 50(6) always vanish upon averaging over 
/C; moreover they diverge at infinity (cf. [23]). Similarly, the 50(3,1) modes are redundant 
with the translational modes c^. This leaves only the 5*0(6) x modes discussed above. 
Nevertheless, it might be useful to keep track of the full 50(9, 1) symmetry if the embedding 
of the non-compact brane C R^*^ is non-trivial, as expected e.g. for cosmological solutions 



24| . This will be pursued elsewhere. 



Radial mode X^ — )■ aX^. If 5* = 0, then X"^ — )• aX"^ is also a symmetry, with associated 
zero mode A'^^^ The corresponding metric perturbation is 

5ng!S^ = 2A^^^ gab + ^dbA^^'^dar' + ^daA^^'^dbr' (5.20) 

This is interesting because it provides a non-derivative coupling to the energy-momentum 
tensor. Similarly, there might also be a symmetry X* — )■ aX* if Q""^ = 0. However it seems 
likely that these radial modes are massive, and do not contribute to the low-energy physics. 
In particular, this happens in the presence of flux on /C as explained in section 13.51 
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Coupling to matter. The coupling of these zero modes to matter is obtained from fl5.5p . 

5Sm = -2 f Ve^A^^\{K^^),,)W'''''''T^,,, + (j(,),)n'^-''^''^'9^r^v') + (« ^ a), (5.21) 

where = d^J(^A)u- We assume here that matter responsible for the energy- momentum 

tensor is in the lowest KK mode, so that the energy- momentum tensor consists only of lowest 
KK modes and does not have any components along /C. 

Second order expansion and effective action. To get the action expanded up to second 
order in the zero modes, we need 

5lx = ^A^{x)A^{x)X^\^x 
^IqT = M- xA^{x)X^)db{A^x)\^x) + ^daxdb{A^{x)A^x)K\^x) + ^da{xA^{x)A^x)X^\^)dhX 

= -\fJ{Ji,_)adbA^A^+\),daA^A^) + daA^d^A^ 

where f^^ are the structure constants of so (6). The mixed variations are 

6l,x' = A^iXJ/ 

SlJ^^ = daC%{A^iX^),jX^) - daiA^x'iKWdbC^ + daX%{A^iK),,c^) - da{A^c\K),,)dkX^ 

= dbA^{daC\Xahx' + daX'iXahc^) + (a ^ b) . 

Therefore the effective action for the zero modes expanded to second order is 
Sym = j V9^0'''''O'''{6gabSga'b' + 2gabS^ga'b') 

- 2r'fJJij_)adbA^A^ + 2r'daA^d,A^ 

+ A^''''d,A^{dac\X^\,x' + dax\X^\,ci) + 2^^'daC^d,c^ . (5.22) 

Now recall that the 4-dimensional Goldstone bosons A(") and are constant along /C. There- 
fore we can write this action using the averaging (.) over /C introduced before fl4.12p . This 
simplifies using partial integration using {J[a)bJ{f5)a) = const and (x*) = 0, and 

Sym = 2 j d'^xVO^ ((/ /) - fJ{Jij)a)dbA^A^ + ^'daA^d^A^ {H^) + r'daC^d.CA) 

(5.23) 

where 

/(A, c) = 9>^''id,A^{x)J^^), + d^c\x)J^^A)u) . (5.24) 
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We note that {Ha/3) is non-degenerate for type C due to (15.141) and (lB.16p . and is invariant 
under the 3 commuting U{1) generators. Pretending that all these modes are independent!^, 
we obtain the equations of motion 

e'^DGc'' + 9>^''d,{J^f) = {Ji)d,f^^ (5.25) 

where 

fi^v ^ Qt^t^'o'^y'T^^ (5.26) 



A similar structure was obtained in 10|. It follows from the explicit form fl5.15p of {J {a)) and 
{T^afi) that matter T^,y induces perturbations only for the A^'^'^ and the modes. In vacuum, 
the zero modes will be shown to imply Ricci-fiat perturbations. This is perfectly consistent 
with gravity in vacuum, however the appropriate coupling to matter must arise in a different 
way. Some possible mechanisms will briefly be discussed below. 

It should be clear that the results of this section are not restricted to the specific compact- 
ifications under considerations but apply more generally. 

5.3 Linearized curvature tensor 

In this section we compute the linearized Ricci or Einstein tensor due to the above zero modes, 
for the effective metric G"'' and its 4-dimensional reduction C^". We only consider the case 
of type A or type C unperturbed background, which is intrinsically fiat. We will work in 
Darboux coordinates, which are in metric compatible with the background for type A and C, 
so that V = d. The linearized perturbation of the effective metric is given by 

f^ab ^ ^^ab ^ ^~^^^ab _ Qab^^ ^ ^ -]pabh^^ (5.27) 

using (15. 3p . For the zero modes, we get after averaging 

(5a + 4)(7"') =^"'''^'''(5f,'A^(a:)(J(^K) + 5b'C^('/A,a')) +(«^^)- (5-28) 
The linearized Ricci tensor on a fiat background is given by ^ 



-dV' = dbh-' - ^d^{Gabh^') = 6{^=dh{yW\G"'')) = Sie-'^d^r') . (5.29) 

\/ |G" I 

Therefore the linearized Einstein tensor is 

= ie-'Qc^T"'' + Id^'ST^ + ia^5r" - iG^^dJT" (5.30) 



""^^ Apart from the pure gauge modes, which could be fixed by setting (/) — 0. We assume here that the 
modes are constant along /C. If the modes are not independent then there might be additional solutions. 
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on a flat background, in the present Darboux coordinates. For the zero modes (and type A,C), 
we have 



= ^""'5a'(/) (5.31) 

since {J{a)b) = const. Now we use the equations of motion (15.251) and (I5.13p . which gives 

= e-'^e'"' ( - d,nt;i)dcU) + fJe'''''l''K,{J^,j,)d,,d,k^ + e'^^'gfjd,,d,f<"^) +{a^h) 

= e-'^^^-'^^^^'( - {J^)e'''dyd,{J(^A)c'f) + {4){JiA)d)dyd,f^'') + {a^h) 

= e-'^e'"' ( - ^^:D)db'dM) + ^^fe'^cT'^') + (a ^ 6) (5.32) 

since k2J(a)b = is constant for type A and C, where 7"^^^ = Q"'"'' Q^^' g'^y ■ Now the /^^- term 
drops out using (I5.15p . since the a = 4, 5, 6 are mutually commuting f/(l)'s. Noting that the 
(/) terms cancel, we obtain the linearized Einstein tensor 

^'^^^D) = \e-^''e''-'e^^'g^,sd,'d,f'^ + (/i ^ z/) . (5.33) 

In particular, the Einstein tensor due to the zero modes vanishes wherever the energy- 
momentum tensor vanishes. For the modes this generalizes an observation by Rivelles 
[3]. This result is not restricted to the particular compactifications under consideration here, 
but apply for more general compactifications. Here we wrote the Einstein tensor for the 
reduced effective metric G^^^^ (14.131) . which is obtained immediately from the above compu- 
tation by simply restricting the indices to /x, = 0, 3 and replacing the 6-dimensional Qg 
by the 4-dimensional version Q^^. This is correct since 5ct4£) = 5a for the zero modes. 

To understand better the response to matter, consider a perturbation T^i, localized in some 
compact region. This induces a perturbation in A" and similar to the electromagnetic 
potential of a dipole with strength ~ T^^,, which certainly does not produce the appropriate 
gravitational metric. However if Jvi^ c has a non-trivial embedding such that V(J'-"''^-') 7^ 
0, some non-derivative coupling to T^^ would arise, leading to gravity-like perturbations of 
the Ricci tensor, cf. jit|. Such backgrounds arise naturally e.g. for cosmological solution ji^] 
or in the mass-deformed matrix model where C dS^ C More generally, a non-trivial 
background of massless modes should also lead to such an effect, analogous to [10|. These 
issues must be studied in more detail elsewhere. In any case, Ricci-fiat metric perturbations in 
vacuum as found above are certainly an essential and encouraging ingredient, which support 
the idea to obtain gravity on branes in the uncompactified matrix model. 
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5.4 Perturbations and equations of motion 

Finally we provide the full equations of motion for general brane configurations Ai^ C x S"^, 
parametrizecJ^ in terms of the above variables. To have a compact notation, we define (p" = 
for a = 0, . . . , 3, while 93" is defined as in fl3.24p for a = 4, . . . , 8. We also set 

9af5 = gaf} + VaP^\ (5-34) 

Here the 4D Minkowski tensor, i.e., it vanishes if one of the indices is > 4. Now we 

derive the equation of motion in the perturbed case by variation w.r.t. ip", a = 0, . . . , 8. The 
basic equation is 

Sgab = {da6ip°'dbip'^ + db6ip°'da(p^)gaf3 + da(p°'dbip^-^gc,f}6ip"' (5.35) 
For the Yang-Mills Lagrangian f l2.13p we obtain the first order variation 

SSym = 2 j Ve^r'Sgabdx. (5.36) 
In the absence of matter, this leads to the equation of motion 

Adaidbipf'-gpar") - 2da^^db^'r'4^g'yS = 0, (5.37) 

which for a = 7, 8 (and a = Q except for type C) reduces to the current conservation law 
(I336D. 

Proceeding as in Section I^TT] one sees that in the presence of matter, the r.h.s. of (I5.37p is 
replaced by 



Generalizing ( I3.53P to 

Laa = daif^gap, (5.38) 

where now a = 0, . . . , 8, and using that we are in Darboux coordinates, we obtain 

AdaiL^br') - 2dafWbV>'r'£^g,5 = -2da f Z.^n'^^'^'^T,,) + da^p^b^' ^g^6^'''''"'T,d. (5.39) 



Let us now assume that f l5.37p has been solved for £ = Q. At first order in £ and dropping 
the matter contributions, this equation reads 

4a„ 



dbS^-g^al"'' + kt£^^gpc.l''' + ^.6^""' [L5a'db'£' + Lsb'da>£' + ki,kl,^gse£^) 9''' 
- 2{kldb£' + da£'<ki)^'^'^g,s - 2klktr'a^g,5£^ 
- 2k2kt9^''' (ha'dy£' + Uyda'£' + ki,kl,^gse£A O^'^^g^s = 0, (5.40) 



^^There is a subtlety since det ^q.^ vanishes at isolated points on K.. This simply indicates the limitations of 
the spherical coordinates on . 
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where now Laa = k^Qap + riaF\ as we perturb around £^ = 0. For type A and C, this reduces 
to 



4a„ 



2{kld,£' + da£'ki)r'^g,6 = Q. (5.41 



This equation of motion allows to go beyond the above zero modes, and to systematically 
cover all higher KK modes. 



6 Conclusions and outlook 

We have studied in detail new brane solutions of the IKKT model with geometry x /C c R^", 
with compact extra dimensions stabilized by angular momentum. It turns out that /C and its 
moduli contribute to the effective 4-dimensional metric, mediated by the non-commutative 
structure of the brane. We focused on the massless modes originating from global symmetries 
of the model. Our main result is that the metric contributions due to these zero modes lead to 
Ricci flat curvature perturbations in vacuum, consistent with the picture of emergent gravity 
on the brane. This result is expected to be quite generic, independent of the specifics of the 
compact space /C. On the other hand, the non- derivative coupling to the energy- momentum 
tensor required for gravity - which can arise in the presence of extrinsic curvature ji-ll - 



turns out to cancel for the backgrounds under consideration. The reason seems to be that 
the radial moduli are stabilized by the non-vanishing flux on /C. This suggests that other, 
less rigid types of backgrounds should be considered in oder to obtain physical gravity on the 
brane; this will be pursued elsewhere. 

The present solutions are also of interest as building blocks for reducible, block-diagonal 
solutions of the matrix model, which may lead to gauge theories on the brane with non- 
simple gauge groups. In suitable configurations, this might allow to obtain (extensions of) the 



standard model, cf. [16|, |20[. In particular, it would be interesting to study fermions on such 



backgrounds, and to determine whether chiral zero modes arise due to the presence of flux on 



/C. Such chiral zero modes do not arise for static compactifications e.g. with fuzzy spheres [21 
but they might arise here due to the extra rotation of the new solutions. Moreover, bound 
states of similar compactifications may enlarge the class of solutions, and stabilize them if 
required. All these are topics for further work. 
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A Conserved currents 



A.l The general setup 



We first want to discuss the determination of currents in an abstract setting, following [22 
The matrix model is characterized by a set of variables C = {Zj G A}i^i taking values in the 
*-algebra A = Mat(A^ x N, C) and a map L : C B, called the Lagrangian. Here, B denotes 
the subset of hermitean elements of A. We assume that the Lagrangian is a polynomial in the 
Zj. The elements Zi may carry a supplementary Grassmann coordinate. The action is given 
by the trace over the Lagrangian. In the particular case of the IKKT model, {Zi} = {X^, "^a}- 
An infinitesimal variation of L by — t- Zi + 6Zi can be written as 

sl = J2sl11^szmII^. (A.l) 

ia 

This leads to the equations of motion 

a 

Here iTia is determined by the Grassmann parity of SlI'^^ and 6Zi. 

Let us now discuss symmetries. We employ the following definition: 

Definition A continuous symmetry consist of maps 

ai-.RxC ^ A, 13 -.Rx A^ A, 

which are differentiable in the first variable and fulfill 

ai{0){Z) = Z„ mi^) = A 

and 

Pit) iL[a,it)iZ)]) = L[Z,] 
for all {Zi} E C and all t. Furthermore, we require that P{t) is a *-homomorphism. 

This definition is a reflection of the fact that in ordinary field theory, one requires that the 
action of the symmetry on the Lagrangian can be absorbed in an action on the Lagrangian. 
For example, a translation of the fields (p can be absorbed in an opposite translation of L[(f)]. 
Differentiation w.r.t. t at t = yields 

/3L[Z] + 5^5L«d.(Z)5L(?=0. (A.3) 

ia 

Using the equation of motion, we obtain that 

^L[Z] + {{S41\MZMI^}± + {6L\'Ja,{Z),6L[l^}^) = (A.4) 
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on-shell. Here {•, -ji denotes the commutator or anti-commutator, depending on the Grass- 
mann parity. Here we chose a symmetric way of commuting the This is the conserva- 

tion law corresponding to the symmetry. In a semi-classical limit, where (anti-) commutators 
are replaced by the Poisson bracket, we may use 6"-^daAdbB = ^/\6\da{^/\9\~^0°-^AdbB) to 
obtain a conserved current. 

(k) 

In order to determine the conservation laws for arbitrary symmetries, we give the 6L\2' for 
the IKKT model, i.e., for the Lagrangian (12.11) : 

^^aI = U^a,Xb], SL'-^I = X^, 

^■^aI ~ ~^[Xa, Xb]X^ , ^L^aI ~ 1' 

= -'^11%, = X\ 

A. 2 The Lorentz current 

The IKKT action is invariant under the Lorentz symmetry 

where A is a generator of the connected component SpinQ(9, 1) of the Spin(9, 1) group, and 
A the corresponding generator of the connected component 5*00(9, 1) of the Lorentz group. 
This follows from the 7 matrix transformation law 

A^7^" + + iV^l = 0. (A.5) 

This symmetry is internal in the sense that /3 = 0. For the corresponding conservation law, 
we obtain 



= iA^[X^,{XS[X^,X«]}] 



Here we already simplified the bosonic part. Replacing (anti-) commutators by Poisson brack- 
ets, we obtain the following conservation law in the semi-classical limit: 



da 



0. 



^^Choosing a different commutation procedure leads to a different form of conservation law. However, the 
difference of two such conservation laws is an identity. 
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Dropping the fermionic part, the semi-classical conservation law is hence 



= dai^W^^'X^x^'d.XA) = da{./^\G^'j, 



with 



(A.6) 



A. 3 The energy-momentum tensor 

Using our procedure, one may also compute the energy-momentum tensor. For an arbitrary 
hermitean e, we have the symmetry ^^Z, = i[e,Zj\. It leads to d^L = i[6,L], so this is a 
symmetry in our sense. For the conservation law flA.4p . we compute, 



- lie, [X^,X^][Xa,Xb] + 27f ^p]] (A.7) 



For e = X^ , we can write this as 



(A.8) 



with 
T 



= '^{[x^'^XaI [x^,x^]} + i^^^r/^>^[^>p,x^] 



In the semi-classical limit, the r.h.s. of flA.Sp vanishes, and we obtain the usual conservation 
law. 



B Explicit examples. 
B.l Type A solutions. 

The generators G so (6) in (13.231) . may be chosen as 



A 



(A) 





I2 




1' ^^"H 









-12 











i 




V 









^0 








(B.l) 



along with 













x{A) 

Ag - 







(J I 




1° 


( 0° 2) 






A 



{A) 



/o 











-1 



\ 




1 




































(B.2) 
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corresponding to f l3.18p . where i = in complex notation. These are clearly two 

commuting sets of matrices and satisfy — A4 + A5 = 0. We use zq = (1, 0, 0, 0, 0, 0) and obtain 

/I 



9al3 











1 cos^f^"^ cos^f/)'^ 

2 4 
COS (f 



cos^ ip^ cos^ + cos^ ip^ sin^ ip^ 


n 2 4 2 4 

yO COS (fi COS (fi 











\ 



sin^ ip"^ sin^ ip^ 



2 4 ; 

COS (f / 



Let us give explicit examples of solutions of fl3.39p . For simplicity, we choose the standard 
symplectic form fl3.15p with 6^^ = 6"^^ = ^. Furthermore, we assume r = 1 and p = 1 in (I3.39p . 
A solution with B 7^ is then given by 



fc(^) = (1,73,0,0,1,0), 



= (0,0,0,0,0,1). 



Straightforward calculations show that the induced and effective metrics are constant, and 
the effective 4-dimensional metric 7^^^^ fl3.48p has Minkowski signature. One also checks that 

^i^^)Q,,'Ouu'giK.) < 0, (B.3) 
which is important for the stabilization of the radius at a nonzero value, cf. Section 13. 5[ 



B.2 Type B solutions. 

For the generators, we may choose 



A 



5 





I2 




, Af=4| 









-12 











i 




V 





^) 




{0 








(B.4) 



along with 
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{0 


-12 


0) 





/o 
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-1 







-1 
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(B.5) 



which are appropriately commuting and satisfy — A| + A5 + Ag = 0. With vq = (1, 0, 0, 0, 0, 0), 
we obtain 



(B.6) 
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\ 





16 


12 cos^ 5^9^ 


4 cos^ 5ip^ 





12 COS^ 5(y9^ 


9 


3 cos 8(p^ sin^ 5^9^ 3 cos^ 5ip^ 








3 cos 8ip^ sin^ 5<y9^ 


sin^ Lp^ 



9a/3 



\ 4 cos^ 5ip^ 3 cos^ 5(^^ 
For the momenta, we make an ansatz 

= (0,A;i'\0,0,l,0) 
fc(^) = (fcf ,0,0,0,0,1) 
A;(6) = (0,0,A;f ,0,0,0) 



COS" 



(B.7) 
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Then the condition = reduces to 



(B.8) 



and the different k^"'^ are automatically orthogonal. The orthogonality condition becomes 
^^A^^ki^^ + e'diag(l, 1, 0) = p2diag(-l, 1, 1), i.e. 



The second together with (IB.SP gives 



{kt^f-{krf = {kt'f-{k^') 



(4)^2 



.(4)s-2 ^ 



301^2 



301^2 



hence 



(4)n2 



301^2 



+ 



301^4 



+ 



301^2 ■ 



(B.9) 



(B.IO) 



(B.ll) 



and subsequently kf^ and are determined by fIB.Qp . Then the last equation can always be 

( P,\ 

solved for ^2 • The effective 4-dimensional metric is given by 

({e^'? + {kt^fgi^ 

-(001)2 + (^(4))2^(J^) 

k'^'kf^gVi^') 





7(4D) 



'^0 '^2 ^46 



V 



This has Minkowski signature provided 



\ 
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(B.12) 



(B.13) 



which is satisfied for suitable parameters 6^^,r,C,, in view of (IB. lip . Therefore there is indeed 
a non-empty moduli space of type B solutions with the desired Minkowski metric. 



B.3 Type C solutions. 

Here we may choose the generators as 



and 
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ic) 











AC) 
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(B.14) 



(B.15) 
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Here A4, A5, Ag resp. A7, Ag are mutually commuting. We choose zq = (1,0,0,0,1,0) and 
compute 



9al3 



with 



2 


1 

sin ip^ sin ip^ 




1 





- sm ip"" sm 



\ 



^ • 4 • 4fi 2 4 

COS ip sm ip sm 93 cos 99 



5 ■ 4 • 46 46 ■ 4 ■ 5 

COS ip sm (p sm 99 cos 99 sm p sm 92 

cos^ V?^ 



46 ■ 4 • 5 

cos (p sm 99 sm 99"^ 








cos^ 99^/ 



= + ^^ 



Y = sin^ y3^(cos^ v?^ + sin^ 93^) + 2 cos 9?^ cos 9?^ sin 9?^ sin 9?^ + cos^ v^*^ sin^ y?^. 
We also compute 

n := y dip^dip^ Ud^MzQ){zQ\UlU;u; = 7rMiag(l, 1, 1, 1, 2, 2) (B.16) 



and note that this commutes with Xq. 

To find explicit solutions, we choose, as for type A, 9^^ = 9"^^ 
fl3.39l) . A solution with G 7^ is then given by 



^, r = 1 and p = 1 in 



with 



V4+t++t- 



(0,0,0,-1,0,0), 



0,0,1,0 

5(8+2t_+2f+)S/2 



2(6(8+2t_+2t+))l/^ 6-4t^+tg.-4t++t^ 



36^6 



,0,0,0,1 



t± 



29 ± 3V93 



1/3 



As for type A, one checks that the induced and the effective metrics are constant, the effective 
4-dimensional metric ( I3.48P has Minkowski signature, and also (1B.3P is fulfilled. Of course 
this is just one arbitrary point of the non-trivial moduli space of solutions. 

The above sets of A^ are of course not unique. The reason for using 5 generators is that 
this allows to parametrize the most general perturbations around these backgrounds in terms 
of the S"'. This should allow to systematically study the geometric perturbations and their 
coupling to matter. 



C Equations of motion at the operator level 

For simplicity, let us consider type A. The other types can be treated in complete analogy. 
As in Section 13. H the four directions in which the compact dimensions are embedded, are 
specified by two complex matrices Z\ with 
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where U, V are the fuzzy torus generators. The Cj are complex numbers with |cip + |c2p = r^. 
We have 

7^2 2 

[X\ Y]] = -J2 {[Zr, [Zh Y]] + [Zl [Z„ Y]]) = 2rV - ^ {Z^^Z* + Z*YZ,) , (C.l) 

_7=4 j=l i=l 

where we used that the U, V are unitary. From the commutation relations 

[X^, X"] = 10'"', [X^, U] = 0, [X", V] = 0, UV = qVU, 

one immediately concludes that 

rj,p[X\ [XP,X^]] = 0, 5,,[X\ [X\X^]] = 0, 

so that the equation of motion (12.51) for the non-compact directions is fulfilled. It remains to 
treat the remaining directions. 

Let us first look at the d'Alembertian corresponding to the non-compact directions. We 
obtain 

V,AX', [X^ Z^]] = Z^nlkl + nlkl)e^'v,,e^^inlkt + nlkl). 
For the d'Alembertian corresponding to the compact directions, we find, using (IC.ip . 



7 2 

5^[X', [X\ Z% = AZ^ Yl l^^-l' ^i^' I + nik^e'^'^inlkt + - f K< - ninl)) , 

i=4 j=l 



SO that the equation of motion is solved if, for both i, 

{n\kl + nlkl)e'^^r^,,e^''{nlkt + v^.kl) 

2 

+ 4 |c,f sin^ \ {{nikl + nikl)9^%nlkt + rC.kl) - f (ni< - n^O) = 0. 

Having fixed the n's and the c's, we thus have two equations and 8 free parameters (two 
4- vectors). Also note that after expanding the sin to the first non-trivial order, we indeed 
obtain the ith. component of '^"'^k^k^XaXis acting on Vq, as 

2 

i=i 

corresponds to gai3, cf. the r.h.s. of (13.401) . Note that the expansion of the sine is not justified 
for the explicit solution we presented in Section lB.l\ as there G, cf. (13.411) . which is basically 
the argument of the sine, is not small. However, it is easy to construct explicit solutions with 
small but non- vanishing G by perturbing a solution with vanishing G. Hence, the semi-classical 
solutions with small G can be related to exact solutions. 
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